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Magnetoplasmon spectrum for realistic off-plane structure of dissipative 2D system
M. V. Cheremisin
A.F.Ioffe Physical-Technical Institute, 194021 St.Petersburg, Russia
The rigorous analysis of textbook result(Chiu and Quinn, 1974) gives unexpectedly the dramatic
change of magnetoplasmon spectrum taking into account both the arbitrary dissipation and asym-
metric off-plane structure of 2D system. For given wave vector the dissipation enhancement leads
to decrease(increase) of magnetoplasmon frequency at low(high) magnetic field. At certain range
of disorder the purely relaxational mode appears in magnetoplasmon spectrum. In strong mag-
netic fields the magnetoplasmon frequency falls to cyclotron resonance line even in presence of finite
dissipation. The recent observation of 2D magnetoplasmon spectrum is consistent with our findings.
PACS numbers: 73.20.Mf, 71.36.+c
I. INTRODUCTION
Plasma oscillations in two-dimensional electron
gas(2DEG) were first predicted in the middle 60th
[1],[2],[3] and, then observed experimentally in liquid
helium system [4] and silicon inversion layers [5],[6].
The observation [7] of the magnetoplasmon spectrum
reported to be affected by retardation effects[3] recom-
mences the interest to the above problem. It was argued
that in large-mesa 2D systems the role of edges becomes
less significant, therefore the observed MP features
can be accounted[8] within conventional theory[3] for
unbounded 2DEG. However, the simple model of the
effective dielectric function fails to account for a pe-
culiar behavior of the magnetoplasmon spectrum. In
present paper we provide the rigorous analysis of the
magnetoplasmon spectrum taking into account both the
realistic off-plane asymmetry and, moreover, arbitrary
dissipation of 2DEG. Our results are in a good agrement
with experimental findings[7].
II. 2D PLASMON DISPERSION LAW
INFLUENCED BY DISSIPATION AND
DIELECTRIC PERMITTIVITY MISMATCH
Let us assume 2DEG in x-y plane(see Fig.1, inset) em-
bedded into the dielectric media with the permittivities
ǫ1 and ǫ2 of 1,2-halfspace respectively. In perpendicular
magnetic field, B‖z, the complete set of Maxwell equa-
tions for in-plane components of the electrodynamic po-
tentials A, φ yields [9]
φ = 4πρ, A =
4πj
c
, (1)
divA+
ǫ
c
∂φ
∂t
= 0,
j = −σˆ
(
∇φ+ 1
c
∂A
∂t
)
,
where = ǫc2
∂2
∂t2 − ∆ is the d’Alambert operator. In
presence of the magnetic field the conductivity tensor
σˆ contains the longitudinal σxx = σyy and transverse
σyx = −σxy components.
Assuming the magnetoplasmon e(iqr−iωt) propagated
in 2DEG, and, then separating the longitudinal and the
transverse in-plane components of the vector potential[9],
the magnetoplasmon dispersion relation yields:
[
1
4π
(
ǫ1
κ1
+
ǫ2
κ2
)
+
iσxx
ω
] [
κ1 + κ2
4π
− iωσxx
c2
]
+
σ2yx
c2
= 0,
(2)
where κ1,2 =
√
q2 − ǫ1,2 ω2c2 > 0 denotes the inverse pene-
tration length of electromagnetic fields∼ e−κ|z| into 1(2)-
halfspace respectively. Note that Eq.(2) was first derived
by Chiu and Quinn[3]. Until now, Eq.(2) was analyzed
in shortcut form for off-plane symmetric 2DEG sample.
Let us specify the components of the conductivity ten-
sor embedded into Eq.(2). Following conventional Drude
formalism one can represent them as it follows
σxx =
iΩ˜
Ω˜2 − Ω2c
σ0
σ
, σyx =
iΩc
Ω˜
σxx, (3)
where σ0 = ne
2τ/m is the Drude conductivity at B = 0,
n is the density, m is the effective mass, and τ is the
momentum relaxation time. Then, for actual problem
of magnetoplasmon spectrum we use the notations made
of use in Ref.[8]. Namely, we specify the dimensionless
frequency Ω = ωωp and the cyclotron frequency Ωc =
ωc
ωp
scaled by the dimensional unit ωp =
2πne2
mc . In addition,
we use the auxiliary quantity Ω˜ = Ω + i/σ, where the
dimensionless dissipation parameter σ = 2πσ0c is known
to be a measure of 2DEG charge relaxation dynamics in
presence of retardation effects[10, 11].
In absence of the magnetic field, i.e. when σyx =
0, Eq.(2) decouples. The left(right)-hand term in
square brackets defines the dispersion law for longitu-
dinal (transverse) plasmon respectively. The transverse
mode is purely relaxational[9]. Hence, our primary inter-
est concerns the dispersion law
ǫ1
κ1
+
ǫ2
κ2
=
2
ΩΩ˜
(4)
for longitudinal mode which could demonstrate the
weakly damped or purely relaxational behavior depen-
dent on dissipation strength. Here, κ1,2 =
√
Q2 − ǫ1,2Ω2
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FIG. 1: Main panel: The longitudinal plasmon disper-
sion(bold line) for lossless GaAs-based 2D structure (ǫ1 =
1,ǫ2 = 12.8). Left(right)-hand dashed line depicts the light
dispersion Ω = Q/
√
ǫ1 and Ω = Q/
√
ǫ2 respectively. Thin
line shows high-Q asymptote Ω =
√
2Q
ǫ1+ǫ2
. Dotted line cor-
responds to symmetric 2D structure ǫ1,2 = 12.8 Inset (a):
bold(thin) line depicts the real Ω′ (imaginary |Ω′′|) part of
the plasmon frequency for disorder strength σ = σc = 0.59(
corresponds to Qc = 4). Dashed line represents the damping
of relaxational plasmon when Ω′ = 0. Inset (b): critical wave
vector Qc vs dissipation parameter σ < σm = 2.3. Dotted line
corresponds to high-Q asymptote. The art picture represents
the asymmetric 2D structure.
is the dimensionless inverse penetration length, Q = qcωp
is the dimensionless wave vector.
We emphasize that the plasmon dispersion law spec-
ified by Eq.(4) is affected by the dielectric mismatch
ǫ1 6= ǫ2. To confirm this, we solve numerically Eq.(4)
for typical GaAs-based 2DEG[7] which exhibits strong
asymmetry, i.e. ǫ1 = 1, ǫ2 = 12.8. Let us first consider
the dissipationless carriers case, when σ → ∞. The re-
sult is represented by the bold line in Fig.1, main panel.
At high values of the wave vector Q≫ √ǫ1,2Ω the retar-
dation effects can be ignored. The plasmon spectrum(see
thin line in Fig.1, main panel) obeys the familiar square-
root dispersion relationship Ω =
√
2Q
ǫ1+ǫ2
with the average
permittivity embedded. This intuitive result is known
in literature as ”effective dielectric function approach”
and claimed to be universal. We argue, however, that
in the opposite low-Q case the average permittivity sce-
nario fails to account the plasmon spectrum. Indeed,
at Q ≤ √ǫ1,2Ω the retardation effects becomes of the
primary importance. Consequently, the plasmon disper-
sion curve in Fig.1 is located well below the lowest light
dispersion asymptote Ω = Q/
√
ǫ2 associated with GaAs
bulk of actual 2D structure. We argue that the common
use of the ”effective dielectric function approach” is well
justified for high-Q part of the plasmon spectrum only.
In opposite low-Q case the retardation effects become
highly important, therefore the problem of electromag-
netic fields in the vicinity of 2DEG plane needs to be
solved exactly.
We now examine the plasmon spectrum for real case
of dissipative 2D system. At fixed disorder strength
the solution of Eq.(4) gives of the complex frequency
Ω = Ω′ + iΩ′′. The plasmon is damped when Ω′′ < 0.
We verify that for arbitrary dissipation the plasmon elec-
tromagnetic fields are indeed localized within 2D plane
since Re(κ1,2) > 0.
In Fig.1,a we plot both the real and imaginary part
of the longitudinal plasmon frequency vs wave vector for
certain value of the dissipation strength. The evidence
shows that the real component of the frequency becomes
positive when Q > Qc, where Qc is a critical wave vector
which, in turn, can be represented as a function of σ and
ǫ1,2. For actual GaAs-based 2DEG we find numerically
the critical diagram Qc(σ) shown in Fig.1,b. The part of
the diagram above the bold line corresponds to plasmon
excitations, i.e. when Ω′ > 0. Note that for certain wave
vector Q the graphic solution of the equation Qc(σc) = Q
defines a critical value of dissipation, σc, above which
the plasmon excitations exist. To confirm this finding
we solve Eq.(4) and, then plot in Fig.2c,d both the real
and imaginary part of the longitudinal plasmon frequency
vs disorder parameter assuming fixed wave vector Q =
4. We find that the longitudinal plasmon exists when
σ > σc = 0.59. For stronger disorder σ < σc the only
relaxational mode exists. Substituting Ω′ = 0 into Eq.(4)
one can easily obtain the longitudinal plasmon damping
Ω′′(σ) shown by dashed line in Fig.2d. Similarly, we add
in Fig.2d the transverse plasmon damping which follows
from the right-hand square brackets term in Eq.(2). We
conclude that for high disorder case σ < σc there exists a
three different relaxational modes displayed, for example,
by open symbols in Fig.2d.
Remarkably, the critical diagram Qc(σ) in Fig.1,b can
be found analytically within high-Q non-retarded limit.
Indeed, with the help of Eq.(4) both the real and the
imaginary parts of the complex frequency yield
Ω′ =
√
2Q
ǫ1 + ǫ2
− 1
4σ2
, Ω′′ = − 1
2σ
. (5)
Actually, the Eq.(5) provides the critical diagram asymp-
tote Qc(σ) =
ǫ1+ǫ2
8σ2 shown by dotted line in Fig.1,b.
We emphasize that the critical diagram Qc(σ) demon-
strates vanishing at certain magnitude of the dissipation
σm. Fortunately, the above value can be easily found
within analytic approach as well. Indeed, the substitu-
tion Q,Ω′ = 0 and, moreover, Ω′′ → 0 into Eq.(4) gives
the result σm =
√
ǫ1+
√
ǫ2
2 . We conclude that the long-
wave plasmon Q → 0 always exists when σ > σm. Note
that in particular case of symmetric 2DEG, i.e. when
ǫ1,2 = ǫ, our finding coincides with that σm =
√
ǫ re-
ported in Ref.[9]. We argue also that the dimensionless
3disorder parameter σ˜ made of use in Ref.[12] for sym-
metric case is related to that in our notations via the
relationship σ˜ = σ/
√
ǫ. As expected, the long-wave plas-
mon exists when σ˜ > 1 in notations of Ref.[12].
III. DRAMATIC CHANGE OF THE
MAGNETOPLASMON SPECTRUM CAUSED BY
OFF-PLANE DIELECTRIC ASYMMETRY AND
DISSIPATION
The up-to-date attempts to analyze the plasmon spec-
trum in presence of the magnetic field concern either
non-dissipative [3] or dissipative 2D plasma[12]. In both
cases the dielectric mismatch of 2D structure was ne-
glected. We now demonstrate that both the off-plane
dielectric asymmetry and the dissipation strongly affect
the magnetoplasmon spectrum. In contrast to authors of
Ref.[12] we intend to consider the regular experimental
setup implying the changeless 2D sample geometry. Con-
sequently, we will analyze the magnetoplasmon excita-
tions for fixed wave vector and varied magnetic field and
compare our results with existing experimental data[7].
Substituting the components of the conductivity tensor
given by Eq.(3) into Eq.(2) the magnetoplasmon spec-
trum yields
Ωc = Ω˜


(
ǫ1
κ1
+ ǫ2κ2 − 2ΩΩ˜
)(
κ1 + κ2 +
2Ω
Ω˜
)
(
ǫ1
κ1
+ ǫ2κ2
)
(κ1 + κ2)


1/2
. (6)
Evidently, the zero-field dispersion law specified by
Eq.(4) follows from Eq.(6) when Ωc = 0. We argue that
for fixed values of dielectric permittivities ǫ1,2, wave vec-
tor Q and the dissipation strength σ one can solve Eq.(6)
and, then find both the real and the imaginary parts of
the magnetoplasmon frequency as a functions of the cy-
clotron one.
Let us examine first the dissipationless case when mag-
netoplasmon is undamped. Substitution Ω′′ = 0 into
Eq.(6) readily gives the sought-for spectrum in the form
Ωc(Ω
′, Q). For actual GaAs-based 2DEG the result is
shown in Fig.2a for fixed wave vector Q = 4. Remark-
ably, the lossless magnetoplasmon excitation exhibits a
certain cutoff point Ω′m,Ω
m
c on the spectrum plot. In-
deed, for asymmetric 2D structure in question the mag-
netoplasmon penetration length becomes infinitely large
for 2-halfspace when κ2 = 0. Under this condition the
Eq.(6) provides the spectrum cutoff point as Ω′m =
Q√
ǫ2
and Ωmc =
[
Q2
ǫ2
+ 2Q√
ǫ2−ǫ1
]1/2
respectively. Note that
for symmetric 2D structure the lossless magnetoplasmon
spectrum could demonstrate the saturation[3, 8] at high
magnetic fields since Ωmc →∞.
We now analyze the magnetoplasmon spectrum for
fixed wave vector and, moreover, assume a finite disorder.
In general, Eq.(6) can be solved numerically. The solid
curves in Figs.2a,b correspond to magnetoplasmon exci-
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FIG. 2: (Color online) Panel a(b) shows the real(imaginary)
part of the magnetoplasmon frequency vs cyclotron frequency
at fixed wave vector Q = 4 for dissipationless σ =∞ and lossy
σ = 3.6; 0.67; 0.60; 0.53 GaAs-based 2D system(ǫ1 = 1,ǫ2 =
12.8). The relaxational magnetoplasmon mode(i.e. when
Ω′ = 0) is represented by dashed lines. Dotted lines depict
the high-field asymptotes Ω∞ specified by Eq.(8). For lossless
2DEG the spectrum cutoff occurs at Ω′m = 1.12 and Ω
m
c =
1.38. Solid lines in panel c(d) depict the real(imaginary) part
of the frequency for zero-field longitudinal plasmon vs dis-
sipation strength. Dashed lines are related to relaxational
mode for longitudinal(‖) and transverse(⊥) plasmon respec-
tively. Square symbols in panel c(d) correspond to those in
the panel a(b). Inset (e): Threshold diagram for relaxational
plasma mode.
tations possessing the nonzero frequency. At low mag-
netic fields the real(imaginary) component of the com-
plex frequency decreases(increases) under the disorder
enhancement. This finding correlates with that discussed
above for zero-field plasmon at σ ≥ σc(see Figs.2c,d).
For given dissipation strength the zero-field plasmon fre-
quency(damping) shown by the solid symbols in Fig.2,
panel c(d) corresponds to those in Figs.2, panel a(b) re-
spectively. In contrast, for high-disorder case σ ≤ σc
the only relaxational plasma modes could appear in 2D
system. As an example, the relaxational plasma modes
associated with longitudinal and(or) transverse plasmon
are represented by open symbols in Figs.2b,d.
We argue that the substantial drop of the lossy mag-
netoplasmon frequency at low magnetic fields compared
to that expected for clean 2DEG can be attributed to so-
called ”low-frequency mode” discussed in literature[13?
]. Let us analyze in details the behavior of lossy magneto-
plasmon spectrum at moderate magnetic fields. Figs.2a,b
provides a strong evidence of relaxational mode appeared
within a certain range of magnetic fields Ωdownc < Ωc <
Ωupc even for σ > σc. We find numerically and, then
plot in Fig.2e the dependencies Ωdownc ,Ω
up
c vs σ, thus
4FIG. 3: (Color online) Bulk magnetoplasmon spectrum data
under Ref.[7] for disk-shaped GaAs 2D sample. Thin line
depicts the numerical result for lowest mode of 2D resonator
cavity at Q = 3.6 and σ = 2.8.
obtain the relaxational mode diagram. The area outside
the triangle in Fig.2e corresponds to magnetoplasmon
excitations possessing nonzero frequency. Note that for
strong disorder σ << σc the magnetoplasmon frequency
approaches the cyclotron line which is seen in Fig.2a.
In high magnetic fields the behavior of the magneto-
plasmon spectrum is striking as well. At first, the all
curves Ω′(Ωc) plotted for different dissipation strengths
demonstrate a certain crossing with cyclotron resonance
line. Well above the crossing point the magnetoplasmon
spectrum exhibits the change from cutoff trend owned to
dissipationless case to linear in magnetic field behavior
for lossy magnetoplasmon. As an example, for simplest
case of lossless 2DEG we substitute Ωc = Ω
′ into Eq.(6)
and, then find the transcendental equation
ǫ1
κ1
+
ǫ2
κ2
=
κ1 + κ2 + 2
Ω2
. (7)
for sought-for crossing point frequency. For GaAs 2DEG
case shown in Fig.2a we obtain the crossing point at Ω′ =
Ωc = 1.02.
We argue that in strong magnetic fields the mag-
netoplasmon spectrum can exhibit(see Fig.2a) a non-
monotonic behavior at moderate dissipation σ ∼ 1. To
test our model, we analyze in Fig.3 the experimental
data[7]. For actual carrier density n = 2.54× 1011cm−2
and mesa diameter d = 1mm of GaAs 2D sample, we
find the frequency ωp = 2× 1011c−1 and the wave vector
q = 2.4/d = 24cm−1, thus Q = 3.6. The best fit of the
lowest 2D resonator cavity mode is shown in Fig.3 for dis-
order strength σ = 2.8. The later allows us to estimate
the carrier mobility ∼ 0.37 × 106cm2/Vs being close to
that ∼ 106cm2/Vs reported in experiment[7].
Remarkably, for finite dissipation strength we are able
to solve analytically Eq.(6) within high frequency limit
Ω≫ Q/√ǫ1,2. Indeed, one can represent the inverse pen-
etration length as κ1,2 = i
√
ǫ1,2Ω
(
1− Q2Ω2ǫ1,2
)1/2
. Keep-
ing Q4-order terms the complex frequency yields
Ω∞ = Ωc + i(σ−1m − σ−1),
Ω = Ω∞ +
Q4(iΩc − σ−1m )
16σ2mΩ
4∞Ωc
(
ǫ
−3/2
1 + ǫ
−3/2
2
)
. (8)
Eq.(8) is valid when σ < σm whereas Ω∞ denotes the
magnetoplasmon frequency at B → ∞. Note that for
symmetric 2DEG Eq.(8) coincides with Eq.(3) obtained
in Ref.[12].
According to Eq.(8) at high magnetic fields the mag-
netoplasmon frequency follows the cyclotron resonance
asymptote, while the damping depends on dissipation
strength. To confirm this finding, in Fig.2 we plot the
asymptotes specified by Eq.(8). Numerical data is well
described by theory predictions. We emphasize also
that at high magnetic fields the magnetoplasmon is al-
ways localized nearby 2D plane. Indeed, Eq.(8) allows
one to find the correct inverse penetration length of the
electromagnetic fields for both sides of 2D plane, i.e.
Re(κ1,2) ≃ √ǫ1,2|Ω′′| > 0.
IV. CONCLUSIONS
Our analysis of textbook Eq.(2) derived in early 70-s[3]
provides the strong doubts concerning overall use of ef-
fective dielectric function approach. We demonstrate the
dramatic change of magnetoplasmon spectrum for real-
istic case of asymmetric off-plane structure of dissipative
2D systems. Under disorder enhancement the magne-
toplasmon with a certain wave vector demonstrates the
decrease (increase) of its frequency at low (high) mag-
netic field. At certain range of disorder the purely re-
laxational mode appears in magnetoplasmon spectrum.
At high magnetic fields the real(imaginary) component
of magnetoplasmon frequency follows the cyclotron res-
onance line and depends on the dissipation strength re-
spectively. For moderate dissipation our calculations pro-
vide an evidence of non-monotonic behavior of magneto-
plasmon spectrum already observed in experiment.
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